Abstract. We introduce the prolongation, to the reduced extended multimomentum bundle, of a vertical vector field (in the total space of the corresponding configuration bundle) which is invariant under the action of the symmetry Lie group. Using this construction, we present a geometric description of the Hamilton-Poincaré field equations associated with a symmetric Hamiltonian field theory. Finally, we discuss an example: the theory of minimal submanifolds of a Riemannian manifold.
1. Introduction. The geometric formulation of classical field theories has been an active area of research in recent years, especially by the use of new tools which come from differential geometry. In fact, following the ideas of Tulczyjew, the Polish group in Warsaw has developed a recent and intensive research in the field (see [13, 14, 16, 19, 20, 21] ). Other different approaches to the study of classical field theories of first order, by using multisymplectic geometry, have been discussed by several authors (see [2, 4, 6, 7, 8, 9, 25, 26, 27, 28] ). On the other hand, as in classical mechanics, the study of classical field theories in the presence of a symmetry Lie group is very interesting (see [5, 10, 11, 12] ). In particular, the geometric description of the reduction by a symmetry Lie group of a Lagrangian field theory has been developed by some authors (see [10] and the references therein). Comparatively speaking, less attention has been devoted to the study of the reduction of a Hamiltonian field theory by a symmetry Lie group (see [5] ).
The aim of this note is to give the first steps to fill this gap. In fact, using the multisymplectic structure of the extended multimomentum bundle, we introduce the prolongation to this space of a vertical vector field in the corresponding configuration bundle. This construction allows us to give a geometric description of the Hamilton-De Donder-Weyl equations for a Hamiltonian field theory. In addition, in the presence of a symmetry Lie group, we will see that an invariant vertical vector field in the configuration bundle may be also lifted to a vector field on the reduced extended multimomentum bundle. As in the unreduced case, using this construction, we will present a suitable description of the evolution equations for the reduced Hamiltonian field theory, that is, a description of the Hamilton-Poincaré field equations.
We remark that the theory of lifts and prolongations of tensor fields to the Lagrangian and Hamiltonian phase spaces has been a tool commonly used by J. Grabowski and his collaborators in the study of the geometric structures which arise in physics, particularly in classical mechanics (see, for instance, [15, 17, 18, 22, 23, 24] ).
The note is organized as follows. In Section 2, we will introduce the prolongation, to the extended multimomentum bundle, of a vertical vector field in the total space of the configuration bundle. We also see that if the vertical vector field is invariant under the action of a symmetry Lie group then it may be also lifted to the reduced extended multimomentum bundle. In Sections 3 and 4, using the previous constructions, we will present a geometric description of the Hamilton-De Donder-Weyl equations and the HamiltonPoincaré field equations for a Hamiltonian field theory and the reduction of a symmetric Hamiltonian field theory, respectively. Finally, in Section 5, we will discuss an example: the theory of minimal submanifolds of a Riemannian manifold Q, as a Hamiltonian field theory, and its reduction by a Lie subgroup of the isometry Lie group of Q.
Throughout the paper, summation over repeated indices is understood.
Prolongations of (invariant) vertical vector fields to the (reduced) extended multimomentum bundle.
In this section, we will introduce the prolongation of a (invariant) vector field to the (reduced) extended multimomentum bundle associated with (the reduction of) a configuration fiber bundle. For this purpose, we will use the multisymplectic structure on the extended multimomentum bundle (see, for instance, [3] ).
2.1. The multisymplectic structure on the extended multimomentum bundle. Let π : P → M be a fibration, that is, a surjective submersion. We will assume that the manifold M is orientable with fixed orientation which is determined by a volume form Ω. Then, we will consider the following spaces:
1. The affine dual bundle (J 1 π) + to the 1-jet bundle π 1,0 : J 1 π → P associated with the fibration π.
is the vector bundle associated to the affine bundle π 1,0 : J 1 π → P ).
(J 1 π) + may be identified with the vector bundle (over P )
where m is the dimension of M and V π is the vertical bundle to π.
(J 1 π) 0 may be identified with the quotient vector bundle (over P )
Mπ (respectively, M 0 π) is the extended multimomentum bundle (respectively, the restricted multimomentum bundle) associated with π. We will denote by ν : Mπ → P and ν 0 : M 0 π → P the canonical projections. Mπ is a principal R-bundle over M 0 π and the canonical projection µ : Mπ → M 0 π is just the principal bundle projection.
We take local coordinates (x i ) and (x i , u I ) on M and P , respectively, which are adapted to the fibration π and such that
Then, an element γ of Mπ is of the form
. Mπ admits a canonical multisymplectic structure of order m + 1 which may be defined as follows.
Let λ Mπ be the multimomentum Liouville m-form on Mπ given by
for γ ∈ Mπ and X 1 , . . . , X m ∈ T γ Mπ. Then, the multisymplectic structure ω Mπ on Mπ is defined by
(for the definition and properties of multisymplectic structures see, for instance, [3] ).
In local coordinates,
2.2. Prolongation of a vertical vector field to the extended multimomentum bundle. Let π : P → M be a fibration and Mπ be the extended multimomentum bundle associated with π : P → M as in the previous section. Suppose that U is a vector field on P which is vertical with respect to the projection π. Then, we will define a vector field U 1 * on Mπ which is ν-projectable on U . For this purpose, we consider the (m − 1)-form ‹ U on Mπ given by
It is clear that ‹ U is a section of the vector bundle over Mπ 
Now, we may introduce the vector field U 1 * . 
U 1 * is the prolongation to Mπ of the vector field U . From (3), (5) and (6), it follows that
2.3. Prolongation of an invariant vertical vector field to the reduced extended multimomentum bundle. Let π : P → M be a fibration over an orientable manifold M with volume form Ω and a free proper left action of a Lie group G on P such that
This implies that there exists a fibration
The action of G on P may be lifted, in a natural way, to an action of G on the extended multimomentum bundle
for v 1 , . . . , v m ∈ T gp P and α ∈ M p π, with p ∈ P . Then Mπ becomes a principal G-bundle over the space of orbits Mπ = Mπ/G with principal bundle projection π Mπ : Mπ → Mπ. Moreover, the projection ν :
and, thus, the previous action induces a free and proper action of G on M 0 π such that the canonical projection µ :
Moreover, using (1) Using again the fact that ν is G-equivariant, (1), (4) and Propositions 2.1 and 2.2, we may prove that Proposition 2.3. If ξ P ∈ X(P ) (respectively, ξ Mπ ∈ X(Mπ)) is the infinitesimal generator associated with ξ ∈ g and λ Mπ is the Liouville multimomentum m-form then
The vertical bundle of π is invariant under the tangent action of G on T P and the space of orbits " V π = V π/G is a vector bundle over " P = P/G. The sections of this vector bundle are the vector fields on P which are π-vertical and G-invariant.
One may prolong such vector fields to the reduced extended multimomentum bundle Mπ = Mπ/G. In fact, using (4), (6), Proposition 2.3 and the fact that ν is G-equivariant, we deduce that 
2.4.
More local expressions in the presence of the symmetry Lie group. As we will proceed locally, we will assume, without the loss of generality, that
and, in addition:
1. The action of G on P is the left translation on the second factor. 2. The mapπ is the projection on the first factor.
Then, Mπ (respectively, M 0 π) may be identified with
Under the previous identifications, the actions of G on Mπ and M 0 π are the left translations on the G-factor. Now, we take local coordinates (x i ) (respectively, (g α ) and (u a )) on M (respectively, G and N ) such that Ω = d m x and we will choose a basis {ξ α } of the Lie algebra g of G.
Then, we can consider local coordinates
In a similar way, we can consider local coordinates (
From (3), we deduce that the local expression of the Liouville multimomentum m-form is
where {ξ α } is the dual basis of {ξ α } and ξ α is the left-invariant 1-form on G whose value at the identity of G is ξ α .
Thus, if c γ αβ are the structure constants of g with respect to the basis {ξ α }, it follows that the local expression of the canonical multisymplectic structure on Mπ is
Now, since the vector field U is π-vertical and G-invariant, we have
where ξ α is the left-invariant vector field on G induced by ξ α ∈ g. This implies that (see (5))
Therefore, from (6) and (11), we deduce that
where c γ αβ are the structure constants of g with respect to the basis {ξ α }. Consequently, we have
Hamilton-De Donder-Weyl equations in terms of prolongations of vertical vector fields.
In this section, we will present a description of the Hamilton-De DonderWeyl equations using the theory of prolongations of vertical vector fields to the extended multimomentum bundle.
First of all, we will review the expression of the Hamilton-De Donder-Weyl equations using the multisymplectic structure on the extended multimomentum bundle and the homogeneous extended Hamiltonian function associated with a Hamiltonian section (for more details, see [6] ).
Hamilton-De Donder-Weyl equations.
Let π : P → M be a surjective submersion over an orientable manifold with volume form Ω as in Section 2.
Moreover, suppose that h : M 0 π → Mπ is a Hamiltonian section, that is, h is a section of the canonical projection µ : Mπ → M 0 π. Then, since µ : Mπ → M 0 π defines a principal R-bundle, we may define the extended homogeneous Hamiltonian function
If the local expression of h is
we have
A (local) section s 0 of the canonical projection π
for any (π•ν)-vertical vector field X on Mπ, where H = F h Ω is the extended Hamiltonian density. 
3.2. The description in terms of the prolongation of vertical vector fields to the extended multimomentum bundle. From (5), (7), (15), (16) and (18), we deduce the following result
is a solution of the Hamilton-De Donder-Weyl equations for h if and only if
for every π-vertical vector field U on P .
A derivation of the Hamilton-Poincaré field equations.
In this section, we will present two derivations of the Hamilton-Poincaré field equations. The first one is a local derivation from the Hamilton-De Donder-Weyl equations for an equivariant Hamiltonian section. In the second one, we will obtain an intrinsic expression of the Hamilton-Poincaré field equations using the theory of prolongations of invariant vertical vector fields to the reduced extended multimomentum bundle (see Section 2.3).
A local derivation.
We will use the same notation as in Section 2.4. Let h : M 0 π → Mπ be a Hamiltonian section. Denote by F h : Mπ → R the extended homogeneous Hamiltonian function and by H the extended Hamiltonian density. Then,
where H : M 0 π → R is the local restricted Hamiltonian function. Therefore, using (11) , (17) and (20), we deduce that a (local) section s 0 of the canon-
) is a solution of the Hamilton-De Donder-Weyl equations for h if
and ∂u
Now, suppose that h is G-equivariant, Then, since the action of G on M 0 π and Mπ is the left translation on the G-factor, we infer that H is G-invariant which implies that
On the other hand, the orbit spaces Mπ = Mπ/G and ' 
, then, using (21), (22) and (23), we deduce that
(24) are the Hamilton-Poincaré field equations. Note that in the particular case when P/G = M andπ : P/G → M is the identity map, we recover the Lie-Poisson field equations which were discussed in [5] .
An intrinsic expression.
Under the same hypotheses as in Section 2.3, we see that the free and proper action of G on Mπ is compatible with the principal action of R on Mπ in such a way that
So, a free and proper action of G on M 0 π is induced such that the canonical projection
Thus, µ induces a smooth map µ :
is commutative. In fact, using (25), we deduce that the principal action of R on Mπ induces a principal action of R on Mπ such that the space of orbits Mπ/R is just '
In other words, µ is a principal R-bundle projection.
On the other hand, the canonical projection ν 0 : M 0 π → P is G-equivariant and it induces a projection ν 0 G : ' M 0 π → " P = P/G. In addition, ' M 0 π is a vector bundle over " P with vector bundle projection ν 0 G : ' M 0 π → " P . (14), (25) and since h and µ are G-equivariant, it follows that F h is G-equivariant. Therefore, there exists a unique real smooth function F h : Mπ → R satisfying
F h is the reduced extended Hamiltonian function. On the other hand, h induces a real smooth function F h : Mπ → R which is given by
It is easy to see that F h • π Mπ = F h and, therefore, F h = F h . The following diagram illustrates the previous situation: 
Next, for a π-vertical G-invariant vector field U on P , we will denote by " ‹ U the corresponding (m − 1)-form on Mπ and by U 1 * the prolongation to Mπ (see Section 2.3, Theorem 2.4).
Then, using (12), (13) , (24), (26) and (27), we may prove the following result. 
for every G-invariant π-vertical vector field U on P .
